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Study on a 1D case of reactive transport
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Mathematical formulation of the chemical system

Chemical reactions at thermodynamic equilibrium

Reactions at equilibrium
Np
Z,u;j)(j\ﬁc; i=1,..n;s
j=1

xj : Concentration of components (of cardinality n,)
C; : Concentration of secondary species (of cardinality ny)
1 : The stoichiometric matrix

Rawaa AWADA?, Jérome Carrayrou?, Carole Rosier!

Anderson Acceleration. Applications to equilibrium chemistry



Study on a 1D case of reactive transport
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Mathematical formulation of the chemical system

Mathematical model

Law of mass action

Mass conservation

K : Equilibrium constant
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Study on a 1D case of reactive transport
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Mathematical formulation of the chemical system

Mathematical model

Law of mass action

K : Equilibrium constant

Nonlinear system of equations

We seek x € R such that

T => mi(Ki [T ™)
i=1 k=1

pour tout j € {1,...,np,}
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Study on a 1D case of reactive transport
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Mathematical formulation of the chemical system

Matrix mathematical model

Nonlinear problem
We seek x € R such that

with F : R"™ — R" (Nonlinear)

Anderson Acceleration AA

Anderson acceleration is a method of accelerating the convergence rate
of iterations of the fixed point; This technique is used to find the
solution of fixed point equations.
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Study on a 1D case of reactive transport

Positive Continued Fractions (PCF)

Positive Continued Fractions (PCF) method

Problem reformulation :

ZMUC = piiCi+ > piC

i >0 <0

ZM;,J‘>O lti?jlci T/ Z O

Sum of reactants : SR; =
[Tl + 22, 50 kigCi Tj <0

T, + - ijlCi T;>0
Sum of products : SP; = { 2o lH1] !
Z;L;,j<0 |Mi7j|'ci 7-J < O

Equilibrium < SR;(x) = SP;(x)
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Study on a 1D case of reactive transport

Positive Continued Fractions (PCF)

Fixed-point problem

PCF (Fixed-Point Method)

We construct a sequence x] such that

il _ (5”(><))

Xj =X Sij(Xn)
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Study on a 1D case of reactive transport

Positive Continued Fractions (PCF)

Fixed-point problem

PCF (Fixed-Point Method)

We construct a sequence x| such that

il _ (5’3/(><))

Xj =X Sij(Xn)

Change of variable :

w = logio(X)

.
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Study on a 1D case of reactive transport

Positive Continued Fractions (PCF)

Fixed-point problem

PCF (Fixed-Point Method)

We construct a sequence x] such that

SP; n(X")
n+1 _ n />
XooTA <5Rj,n(x”))

Fixed-point problem

We are looking for £ €R™ such that
Wht1 = G(wn)

avec

G:R% — R"™
Er— G(w) =w + [log10(SP(w)) — log1o(SR(w)]

A
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Anderson acceleration (AA(m))

algorithm (AA(m)) :
Input : we,G,m>1

w1 = G(wo);
fo = G(wo) — wo
fork =1,...
my = min(m, k)
fk = G(wk) — Wk

Fx = (feemys -+, fx)

Determine : min,||Fra||2, avec
Yo =1

Wit = 2 00 G (wie — my + i)
end
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Anderson acceleration (AA(m))

algorithm (AA(m)) :

Input : wy,G,m>1 cas m=0:
= G(wo); w1 = G(wo)
fo = G(wo) — wo fo = G(wo) — wo
fork = 1,... -1
my = min(m, k) my = min(0,1) =0
fic = G(wk) — wk i = G(w1) — w1
Fk = (]“/(7,T1k7 ...', fk) F]. = fi
De”;(:rmlne : ming||Fral|2, avec ming||Fiee||2 = min||faol|2,
i =1 " _ avec ap =1
Wit = D120 @i Gwi — myc + 1) w2 = apG(w1) = G(w1)
end
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Anderson acceleration (AA(m))

algorithm (AA(m)) :

Input : wy,G,m>1 casm=1:

w1 = G(wo); w1 = G(wo)

fo = G(wo) — Wo lf(b = lG(CUQ) — Wo

fork =1,... =

my = min(m, k) my = min(1,1) =1

fr = f(wk) — Wk ) 7;_1 = C(;ISW}))_ w1

Fr = (feemys -, fx 1= (f, 1

Determine :kmin(,HFkaHZ, avec miny||Frell2 =

Y ai=1 min||focg + ||, avec
wit1 = Yoo oK G (wi — myc + 1) ag+o =1

end ] w2 = oG (wo) + a1 G(w1)
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Anderson acceleration

Probléme d’optimisation sous contrainte :
my

ming||Frall2  avec E aj=1
i=0

Changement de variable :
ag =% Q=% —Y-1 Omk=1—"Ymk-1

Fie = (feemics femmists - i) i @ = (@0, @1,y ooy Qi)
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Frao = fk,mkao + fk—mk+1041 + oo+ i
= fe—miV0 + fe—mis1(71 — 70) + oo + (1 = Ymk—1)
= fe—mk0 + fe—mk+171 — fe—mk4170 + - + fc — fiYmk—1

= fc — Yo(feemk — fa—mk—1) — -~ = Ymk—1(Fmk — frk—1)
k-1
=fi— Y ilfin—1)
i—k—mk
k-1
=fi— Y bf
i—k—mk
my
Wkl = Za;G(wk —my + 1)
i—0
= aOG(wk — mk) + ...+ amkG(wk)
k-1
=G(w)— Y WAG
i—k—mk

Rawaa AWADAZ, Jérome lZ',alrrayrouzv [ Anderson Acceleration. Applications to equilibrium chemistry



Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

algorithm (AA(m)) :
Input : wo,G,m>1

w1 = G(wo);
fo = G(wo) — Wo
fork =1,...
my = min(m, k)
fk = G(wk) — Wk

Fx = (feemys -+, T)
Determinea : min,||Fre||2, avec

Yitgai=1
Wk+1 = Z,’,ZO oz,-(k)G(oJk — my + i)
end

.

New Algorithm AA(m) :
Input : wy,G,m>1

w1 = G(wo);
fo = G(wo) — wo
for k = 1,...
my = min(m, k)
fk = G(wk) — Wk

Fi = (Afg—mpy ooy Afi—1)

Gk = (AGk—mks -, AGr_1)
Determine v : min,||fi — Fil|2
w1 = G(wk) — Zf'(:_kl_mk "iGk
end
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

New Algorithm AA(m) :
Input : wy,G,m>1

w1 = G(wo);
fo = G(wo) — wo
fork =1,...
my = min(m, k)
fk = G(wk) — Wk

Fi = (Afx—myy ooy Afi_1)
Gk = (AGk—mk; -+, AGy—1)
Determine  : min.||fk — Fi7||2

Wikt = G(wk) — S i ViGk
end
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Algo :

casm=1:

w1 = G(LU())

fo = G(wo) — wo
k=1

my = min(1,1) =1
fi = G(w1) — w1

F1=(Af) = (A —f) =
((G(w1) — w1) = (G(wo) — wo))
G1 = (AGp) = (G(w1) — G(wo))
Determine 7y : min,||fi — F17||2
wy = G(w1) — %G1 =

G(w1) —0(G(w1) — G(wo)) =
(1 —70)G(w1) + 706G (wo)
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

New Algo :

casm=1:

w1 = G(un)

casm=1: fo = G(wo) — wo

w1 = G(wo) k=1

fo = G(wo) — wo my = min(1,1) =1

k=1 ﬂ:G(wl)—wl

my = min(1,1) = 1 Fi=(AR)=(h —fo) =

fi = G(w1) —w1 ((G(w1) —w1) = (G(wo) — wo))
Fi=(fo,f) G1 = (AGo) = (G(w1) — G(wo))
min,||Fial|2, avec ap + a3 =1 Determine v : min,||fi — F17||2
wy = agG(wo) + a1 G(w1) w2 = G(w1) — 001 =

G(w1) —70(G(w1) — G(wo)) =
(1 —)G(w1) +70G(wo)
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Probléme d’optimisation sans contrainte :

min.||fix — Fry

QR Factorisation

> Fi = QiR
> Ry = Qi
> v =R\Q/

|2

QR Factorisation

‘Fk c Rnxmk Rk c Rmkxmk
Qk c Rnxmk
Q orthogonale et R triangulaire
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Probléme d’optimisation sans contrainte :

min.||fix — Fry

QR Factorisation
> Fr = QRx
> Ry = Q
> v =R\Q/

y

|2

QR Factorisation

‘Fk c Rnxmk Rk c Rmkxmk
Qk c Rnxmk
Q orthogonale et R triangulaire

Updating the QR factors

> When k=1, m =1, F1 = QR = Afy avec Q = —2f_ et

R = [[Af|l2

» When k>1, we have Fr_1 = QR, where Fi_1 is n X my_1, and

update as follows :

o If mk—_1 = m, then delete the left column of Fi1, updating Q and R
so that Fi_1 + Fk—1(:,2: m) = QR
o Add a column on the right, updating Q and R so that

Fk = [Fr—1,Afk—1] = QR

— [|Af]]2
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Study on a 1D case of reactive transport
0O0000000e0

Anderson acceleration (AA(m))

Control of the conditioning of the matrix Fy

The tolerance tol > 0 and Fx = Qi R«
while cond(Ry) > tol
Remove the last column from the left of ) and update it
QR factorisation : Fx = QxRx

End
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Study on a 1D case of reactive transport
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Anderson acceleration (AA(m))

Benchmark Momas Easy

INFLOW OUTFLOW
Medium A Hg m  Medium A
1 o 1
The domain is assumed to be Injection On the left side, followed
initially at equilibrium : by a leaching on the same side :
> Equilibrium in A (more » Injection into A (on the left).

permeable, low porosity)
» Equilibrium in B (less
permeable, high porosity) » Leaching.

» Injection into B.

[5] Carrayrou, J., Kern, M. and Knabner, P. Reactive transport benchmark of
MoMaS. Computation Geosci., 14 (2010).
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Study on a 1D case of reactive transport
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Chemical test

1D Easy test case of the MoMas benchmark

Morel table

Espéces X1 Xo X3 Xa S K

C1 0 -1 0 0 0 10712

C 0 1 1 0 0 1

C3 0 -1 0 1 0 1

Cy 0 -4 1 3 0 0.1

Cs 0 4 3 1 0 103°

CS; 0 3 1 0 1 106

CS, 0 -3 0 1 2 101

Total concentration T T, Ts T3 Ts Ts

Initial conditions

Zone A 0 -2 0 2 1

Zone B 0 -2 0 2 10

Boundary conditions

Injection t < 5000 0.3 0.3 0.3 0 0

Leaching t> 5000 0 -2 0 2 0
Cy=10"12.X;1

T3=X3+Co+Cs4+3.C5+C51=0
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Study on a 1D case of reactive transport
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Chemical test

1D Easy test case of the MoMas benchmark

Law of mass action Mass conservation

Cy=10"12.X;1 Ti=X1=0

Co = X2.X3 To=Xo—C1+Co—C3—4.C4+4.Cs
C3= X571 X, +3.C51 —3.CS, = -2
Cqa=10"1.X5%X3.X3 Ts=X3+Co+Cs+3.C5+CS1=0
Cs = 10%°.X3.X3.X, Ts=X4+C3+3.C4+Cs5+CS,=2
CS; = 10°9.X3.X3.S TS=5+CS5:+2.CS, =1

CSy = 1071.X53.X,.52
Nonlinear system of equation

Ti=X1=0

To=Xo—1072.X51 + Xo.X3 — X51. X4 — 4107 1.X5% X3.X3
44.10%.X5.X3. X4 +3.10°.X3.X3.5 —3.1071.X53.X,.52 = -2

T3 = X3+ X2. X5 . X4 +1071.X5%. X3.X5 +3.10%°.X5.X3.X,
+10°.X3.X3.5 =0

Ta= X+ X351 Xq +3.1070.X5% X3.X3 4+ 10%.X4.X3.X,
+1071.X53.X,4.52 =2

TS =S +10°.X3.X3.5 +2.1072.X;3.X,.52 = 1
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Study on a 1D case of reactive transport
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Results

Results

Donnée initiale : xo = [0.3;0.4; 10711, 0.21; 0.6]

Picard Pcf | AA PCF
TA =10, —2;10 3% 2;1] | 0.0127 | 0.0047
TB =[10730;, —2; 10739, 2; 1] 0.0078 0.0028

Table — Comparaison CPU AA PCF vs Picard PCF

Picard Pcf | AA PCF
TA = [10739; —2;10730; 2; 1] 450 20
TB = [10_30; —2:10730. 2. 1] 250 16

Table — Comparaison nb d’ltération AA PCF vs Picard PCF
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Results

Results

Equilibre zone A

10°
= —=— Andersonim=1}
=) —=— Anderson (m=2)
g 10} Anderson m=3 -
= . Anderson m=4
5
210} E
=
(=]
o
10° o = Py
o 30 35 40 45
10 Equilibre zone B
] —a— Anderson{m=1)
L —&— Anderson (m=2})
§ Anderson m=3
= 5 Anderson m=4
= 107 3
=
=
=}
o}
10? S
L8] 40 50

Rawaa AWADAZ, Jérome Carrayrou<, Carole Rosier® Anderson Accelerati Applications to equilibri



Study on a 1D case of reactive transport

000e0
Results
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Study on a 1D case of reactive transport
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Results

Thank you!
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