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o Cartesian representation
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o Results
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Software and applications

Calculators Simulator Applications

ArXim

Chemical reactions

CooresFlow CO, storage
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Software and applications

Calculators Simulator Applications

ArXim

Chemical reactions

CooresFlow CO, storage

H Reactive transport modeling )
GeoXim Enhanced oil recovery

Transport coupling

o ArXim issues:

» robustness
» precision
» slowness: up to 90% of CooresFlow’s computational time !
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Outline

© Single-phase chemical equilibrium
@ Parametrization
o Cartesian representation
@ Results
e Conclusion
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Chemical speciation example

o Water dissociation:
1 reaction R ={H,0= Ht + OH™}
2 £ ={H, O}
3 species §={H*, OH , H,0}

e Formula and stoichiometric matrices:

H* OH- H,0 N
1 1 217H b
A=y 1 1lo s=|1|oH" AS=0
~1|H,0

o Unknowns and

n= [nH+7 nNou-» nHzo]T = [bH7 bO]T

o Elements conservation:
An =
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Thermodynamics

o Gibbs free energy:

G(n) = Z n;/L(n)

€S

@ Chemical potential:

(i(n) := p? + RTInz, (n)

() := z% .
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Chemical equilibrium problem

Gibbs energy minimization:

min  G(n) & min G(n)
An=b,n>0 An=b

Euler-Lagrange equations:

An=b An=D>b
T & QT
pn)+A'A=0 S umn)=0

since STAT = 0.
e Dimension: |S]|

@ Theorem. There exists a unique solution. [Shapiro & Shapley 1965]
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Chemical equilibrium problem

Gibbs energy minimization:

min  G(n) & min G(n)
An=b,n>0 An=b

Euler-Lagrange equations:

An=b An=D>b
T & QT
pn)+A'A=0 S umn)=0

since STAT = 0.
e Dimension: |S]|
@ Theorem. There exists a unique solution. [Shapiro & Shapley 1965]

How to efficiently compute the solution ?
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System transformation

o New unknown:

e Transformation:
X =wn
e Reformulated system:
1"x-1=0
Ax—wb=0

ST[u°/(RT) +1Inx] =0

Dimension: |S|+ 1
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(Classical resolution by Newton

o Residual:
17x -1
F(x,w) = Ax — wb
ST[u°/(RT) + Inx]

e Jacobian:
17 0
J(x,w) = A —b
STdiag { = } 0
o Issues:

» 1/x; blows up when z; — 0.
» Does not preserve the positivity of x.
» Orders of magnitude of x.
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The log trick

o Modified residual:

1Texpy — 1
y=lhx = F(y,w)=| Aexpy—wb
ST[u°/(RT) +y]

e Jacobian:
1Tdiag {expy} 0
J(y,w) = | Adiag{expy} —b
s” 0

@ Issue: expy; blows up when y; — oo.
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Basic idea

o Parametrization of the graph:

o Residual:
17X (1) -1
F(r,w) = AX(T)—wb
S™[u°/(RT) +
e Jacobian:
17 T
J(r,w)=| A T
sT T
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Choice of parametrization

o Properties:

> V(7)) =In(N (7))
> and are strictly monotonic bounded Lipschitz continuous

» X'(r) and Y'(7) do not vanish for the same value of 7

o Normalization condition:

max(|(7)[, [V(7)]) = 1
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The switch function [Brenner & Cances 2017, Bassetto & al. 2021]

X () = exp(r)
Y(r)=1
T — —00
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Basic idea

e Variable doubling and new function:

f(x,y)=0&y=Inx

o Residual:
17 . x -1
Ax —wb
FOOY @) = e (RT) 4]
f(x,y)
e Jacobian:
1T 0 0
A 0 -b
J(Xa L) w) = 0 sT 0
Juf Jyf 0
e Dimension: 2|S|+ 1
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Choice of Cartesian representation

e The discrepancy function f:

fla,y)=V(y)—(z), with( =V oln

o Properties:

> U(z) =V(y) & y=In(z)
> and are strictly monotonic bounded Lipschitz continuous

» [//(z) and V'(y) do not vanish simultaneously

o Normalization condition:

max(|0, /], 10, /]) = 1 & max(|U"(z)], [V (y)]) =1
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The discrepancy function f

o fla.y) = V' (y) - U(x) with:

V(y) = (expy — 1)1y<o +yly>o
Uz)=(x—1Dlzcqr + (Inz)lysy

/{fyxﬂ;/?

A —InT

Y=

f=¢e¥—x 8 f=eV—Inx—1
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Theoretical results

e Proposition. The Jacobian matrices of the and
are invertible at the solution point of the

associated system.

@ Theorem. The Newton algorithm applied to the and the
techniques has a local quadratic
convergence.
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Numerical results rules

log trick vs. ArXim ws. Switch vs. Discrepancy
o 3 test cases

o ArXim uses the log trick with a line search strategy:

x®FD) = 5 (k) 4 () o ()

o Tolerance for the Newton algorithm: le~”
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Numerical results - Test cases

e Seawater:
|S| = 37, =10, =27

e Water-Clay (Redox constraint):

S| =88, £ =12, [R| =175

e Water-Concrete (Redox constraint):

S| =88, &1 =12, [R| =75
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Seawater test case

o |S| =37, 5] =10, |R| =27

Initialization (molar fraction)
H,0 I I I 1
Other species le72 le ™ €32 €
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Seawater test case

o S| =37, 5 =10,

=27

Initialization (molar fraction)

H,0 1 1 1 1
Other species le72 le™* €39 €
Number of iterations

log trick 18 X X X
ArXim 16 13 22 33
Switch 18 25 27 28
Discrepancy 23 23 23 23
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Water-Clay test case

o |S| =88, =12, =175
Initialization
H,0 1 1 1 1
Other species le72 le™ €35 €
Number of iterations
log trick X X X X
ArXim 28 25 28 X
Switch 31 29 X X
Discrepancy 32 32 32 32
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Water-Concrete test case

o S| =88, £/ =12, |R| =75

Initialization (molar fraction)

H,0 1 1 1 1
Other species le72 le™* €39 €
Number of iterations

log trick X X X X
ArXim 65 47 34 X
Switch X X 59 X
Discrepancy 52 52 52 52
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Conclusion

@ From the different test cases and initializations:

Discrepancy > Arxim > Switch > log trick

e The discrepancy function:

» is more robust

» does not require ad-hoc strategies, unlike ArXim

Maxime Jonval Journées Transport Réactif

21 /37



Outline

© Multiphase chemical equilibrium
e Complementary problem
@ Results
o Conclusion
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Chemical equilibrium: the multiphase case

@ Ng,;, species in Npy, phases:
o:ie{l,...,Ngp}—ae{l,...,Npp}
e Gibbs free energy:
Npp,
Gi(n) = Z G (n%) where G,(n%) = Z ni/t(n®)
a=1 €0 a)
@ Chemical potential:
() = p; + RT In v, (n®)
a N
(") =
>

j€o~ 1 (a)
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Chemical equilibrium problem

@ Gibbs energy minimization:

Ao O ) & uin, 3 Ga(n®)
Go(n®) ifn*>0

where G, (n%): 400 otherwise

Il
—

o Euler-Lagrange equations:

An—b =0, An—-b =0,
p+ATA=0, s"u=o,
— @ < — o7
B =(1"a=1,..N,, p=(1")a=1,..N,,
p* € 9Gqa(n®) p® € 9Ga(n®)

where

p* € 9Ga(n") & Go(m®) = Ga(n®) + (u*, m* —n"), ¥m® € R¥* ()

Maxime Jonval Journées Transport Réactif

23 /37



Chemical equilibrium problem

o Proposition: let n® > 0, then pu® € dG,(n®) if and only if there exists
Na, £ = (fi)iegfl(a) such that:

Mo >0,€°>0, > &<1, ma(l— > &|=0

i€o~ () i€oHa)
and for all i € o~ 1(a),

ti = pg + RTIng;, n; =ns&;.
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Chemical equilibrium problem

o Proposition: let n® > 0, then pu® € dG,(n®) if and only if there exists
Na, £ = (fi)iegfl(a) such that:

Mo >0,6°>0, > &<, ma(l- Y &|=0
i€o~ () i€oHa)

and for all i € o~ 1(a),

ti = pg + RTIng;, n; =ns&;.

e &, are the extended mole fractions

e if my > 0, then 7, = ZiEU—l(a) n; and & = x;
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Sketch of the proof

@ G, is a continuous convex function, then:
[ € 0Ga(n®) & n® € 3G (1),

where Q(’: is the Legendre transform of G, :

Ga(p) = sup Z nift; — Ga(n®)

neeR#o~(a) ico—1(a)

Maxime Jonval Journées Transport Réactif 25 /37



Sketch of the proof

@ G, is a continuous convex function, then:
[ € 0Ga(n®) & n® € 3G (1),

where Q(’: is the Legendre transform of G, :

Ga(p) = sup Z nift; — Ga(n®)

neeR#o~(a) ico—1(a)

= sup Z nip; — ng(p; + RT Inx;)

(3 0'71 «
neER# ( )160' ()
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Sketch of the proof

@ G, is a continuous convex function, then:
[ € 0Ga(n®) & n® € 3G (1),

where Q(’: is the Legendre transform of G, :

Ga(p) = sup Z nift; — Ga(n®)

neeR#o~(a) ico—1(a)

= sup Z nip; — ng(p; + RT Inx;)

(3 0'71 «
neER# ( )160' ()

e Using n; = x;7,, we find:

g,:(/'l’a) — — inf Mo Mmin (](y< Y)
na_O x“GX

with
Jo(xY) = Z xi[p; + RT Inx; — )
i€o ()

Xa = {Xa > 0| Ziezf*l(a) Ti = 1}
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Sketch of the proof

@ Minimization problem:

min ¢,(x%) < _ min [1; + RT Ina; — 11].
xana T —1=

i
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Sketch of the proof

@ Minimization problem:

min ¢,(x%) < _ min [1; + RT Ina; — 11].
xana T —1=

17

o Euler-Lagrange equations:
p;+ RTIna, —p;+RT —A=0,i €0 Ya),
—-1=0.
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Sketch of the proof

@ Minimization problem:

min ¢,(x%) < _ min [1; + RT Ina; — 11].
xana T —1=

o Euler-Lagrange equations:
p;+ RTIna, —p;+RT —A=0,i €0 Ya),
—1=0.
@ Therefore

min_g,(x*) =\ — RT
xo‘eXa
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Sketch of the proof

@ Minimization problem:

min go(x*) < __ min [
xD‘eXa . —1l=

o Euler-Lagrange equations:
+RT —A=0,ico ),
—-1=0.

o Therefore min_ga(x®) = A — RT

xo‘eXa
4] Let o
N i — [y
(pi) == exp (RT )
then RT — ) RT — )
E(pi) =z eXp( RT ) and . El( )5(#1) = eXP( RT )
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Sketch of the proof

o Let

then

> &) = exp (RII;LT A)

i€o(a)

e Therefore

min go(x*) = A~ RT = -RTIn Y &)

@
x*eX, i€o~1(a)
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Sketch of the proof

o Let
N e Mg — [y
e(m) = ewp (M)
then RT )
Z f(,ui)zexp( RT >
i€o(a)

e Therefore

min go(x*) = A~ RT = -RTIn Y &)

@
x*eX, i€o~1(a)

@ Back to the Legendre transform:
GX(n®) = — inf 7, min g, (x%)
20 xeeX

— sup® Vo0 () <1
fisui)onaRTln Z £(pi) { +0o0 otherwise

Moz i€oHa)
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Sketch of the proof

@ Back to the Legendre transform:
’epay 0 i 3 E(w) <1
Ga (1) { +o0 otherwise

o From the definition of the subdifferential:

n® € 96X (u®) & GX(n®) > GH(u*) +(n®, ™ — u*), ¥n® € R#*7 ()
—_—— —

=0 =0
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Sketch of the proof

@ Back to the Legendre transform:
’epay 0 i 3 E(w) <1
Ga (1) { +o0 otherwise

o From the definition of the subdifferential:

n® € 96X (u®) & GX(n®) > GH(u*) +(n®, ™ — u*), ¥n® € R#*7 ()
—_—— —

-0 -0
o The subdifferential of G¥ is:

e 0 if Ziea—l(a) g(ﬂi) <1
B0 = s ehen >0 T i) 1
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Sketch of the proof

@ Back to the Legendre transform:
’epay 0 i 3 E(w) <1
Ga (1) { +o0 otherwise

o From the definition of the subdifferential:

n® € 96X (u®) & GX(n®) > GH(u*) +(n®, ™ — u*), ¥n® € R#*7 ()
—_—— —

-0 -0
o The subdifferential of G¥ is:

e 0 if Ziea—l(a) g(ﬂi) <1
B0 = s ehen >0 T i) 1

o Therefore

(e * /.« n; = 75(:“’1)7 Y > Oa Vi
e cogsiun) o { 5T
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Sketch of the proof

@ Back to the Legendre transform:

xooay ) 0 3 Y8(w) <1
G (%) { +00 otherwise

o From the definition of the subdifferential:
n® € 96X (u®) & GX(n®) > GH(u*) +(n®, ™ — u*), ¥n® € R#*7 ()
—_—— ~—
=0 =0

o The subdifferential of G¥ is:
0 51 E() < 1
8g2 ay { i i€o~ ()
(M ) 7(5(/~Li))i60'_1(a)7'7 >0 if Ziea*l(a) g(Ml) =1

o Therefore
n; = ﬁagi
o */ n; =v&(pi), v =0, Vi pi = p; + RTIng;
ne agO/ (H ) < { ZieU_l(a) E(IU”L) S 1 < ZieO'_l(a) 57 S 1
ﬁa(l - Zz 52) =0
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Chemical equilibrium problem

e Equations to solve:

NP}L
An—-b =0, ZﬁaAag‘X—b:O,
STu=o, a=1

p= (e, S IE/(BT) +ng] =0,
p® € 9Ga(n®) Ma(l=32,6) =0, (Va),
o >0,1-%,& >0, (Ya),

e Transformation of the system:

NPh,
> MaAEY —b =0,
a=1

ra=1-%,¢ = S'[W/(RT)+ng=0,
> &i+ra—1=0, (Va),
Narea =0, (Va),
o > 0,74 >0, (Va),
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Chemical equilibrium problem

e Equations to solve:

NPh
Anszo, ZlﬁaAo‘E _b:O7
T _ -
S'u=0, o ST[p?/(RT) + Ing] =0,
p=(p"a=1,..N,, Sibitra—1=0, (Va),
/»La € aga (na) NaTo= 07 (VOL),

ﬁ(l/. 2 07 T(,\/,Z 07 (va)7

o Two difficulties:
» The nonlinear terms:

In¢; — Parametrization and Cartesian representation
» The complementarity problem:

NaTa= 07

Mo 20, 7020
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Param./Cart. Repr. and min function

@ Residual for Param:

Y, M AKX (T) = b
S*[p°/(RT) + Y (7)]

F(r,m,x) = 1"X(1%) +rqo -1  (Va)
min (7, 7o) (Vo)
@ Residual for C.R.:
Y uTaA“x —b
S[u°/(RT) +y]
Flx,y,or)=| 1Tx+7r,—1 (Vo)
min(Te, 7o) (Va)
f(xy)

@ The complementarity is ensured:
min(fg, re) =0 Aare =0and 1y > 0,7, >0
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Parametrization and NPIPM [w, Ben Gharbia, Haddou & Tran 2021]

o New unknown v

o Residual:

Za N A*X(T*) — b

ST[u°/(RT) + Y (7)]
17X (1%) +7rq — 1

F(r,a,r,v) = (;
MaTo — V
2N1 ((Bas Ta)T)* + %Hﬁ;Hz + %HI‘;Hz +0.01v 4+ 12

Ph
e Update the iterates:
T =k ArF
a*tl =a* + gk An”
rftt =k 4 ﬁfArk

Vk?+l: I/k+AVk

such that m*+! rF+1 >0

Journées Transport Réactif
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Cartesian representation and NPIPM

@ Residual:
Y ulaA%x —b
ST[#"/ (RT) +y]
7 1"x+7r,—1
]:(X,y,l'l,I‘,V): ﬁaT’a*V
v (Mo, ra)T)? + 1AL 17 + S [eg |2+ 0.010 + 2
Ph
f(xy)

e Update the iterates:
xF = xF + AxF
yk+1 _ yk + Ayk
ntl = a* 4 g AnF
Pl =k ¢ ﬁfArk
VP = R L AVF

such that @*+! vkt >0

Maxime Jonval Journées Transport Réactif 33 /37



Numerical results rules

@ Reaktoro vs. Param. + min vs. Param. + NPIPM vs. C.R. + min wvs.
C.R. + NPIPM

@ 5 test cases

e Tolerance for the Newton algorithm: le~"
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Tests cases

o TC1:
o TC2:
|S| = 10(7a,1m,2g), || =4, |[R| =6
e TC3:
|S| = 11(8a,2m,1g), || =4, |[R| =7
o TC4:
|S| = 15(11a,2m,2g), |£] =5, |R| =10
o TC5:
S| = 72(50a, 20m, 2g), |&| =13, [R| = 59
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Results

TC1 | TC2 | TC3 | TC4 | TC5

Reaktoro 35 36 46 50 140
Param + min 4 8 X X X
Param + NPIPM 7 9 17 26 33
Cart + min 4 8 X X X
Cart + NPIPM 7 9 81 X X

Table: Number of iterations of Newton’s method

Maxime Jonval
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Conclusion

e From the different test cases:

Param + NPIPM > Reaktoro > others

o The Param + NPIPM:

» is more robust

» converges in a few iterations
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A first system reduction

e Conservation equations:

Ax —wb =0 [Ap,, Agd [XP’“] —wb=0
XSd
& X(xgd,w) :=Xpp = A;i (wb — Aggxsq)

o Equilibrium equations:

ST (K — 0o (Al AT, —1gg] (H5 4 [YPr|) 20
(RT—i—y) & [(AprAsa)’, —Isd] (RT+ ey

< V(ypr) =Ysd = ST% + (AprAsa)lyp,
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A first system reduction

o Reduced system:

17 . [X(Xs(bw)] C1=0

Xsd
(] bl -

|S| + 1 equations and |S| + 1 unknowns

@ Dimension:
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A second system reduction

e System:
10 o0 5 —(1Tx—1)
A 0 -b 5X | —(Ax—wb)
0 ST 0| |J1 T |-ST(n/(RT) +y)
Jof Jyf 0 —f(x,y)

o We multiply Jy fox + Jy foy = —f(x,y) by (Jf) " (Jy[) "

(Jy [)hox+ (Juf) "6y = =(Juf) Sy /) fxy)
o We define:

06 = _(Jyf)_15x - T(JXf)_l(Jyf)_lf
= (Jf) 1oy + (L =) (I ) Iy /) F

Maxime Jonval
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A second system reduction

o Then:

bx = —Jy f60 — r(Juf) "\ f
by = Juf60 — (1—1)(Jy )"

@ Reduced system:

-1TJ,f 0 50 rlT( f) - (1Tx-1)
~AJ,f -b {5 } = A(Jxf) (Ax—wb)
sTL.f o] <1—r>sT< v f) 1f ST (u°/(RT) +y)

o Dimension:
|S| + 1 equations and |S| + 1 unknowns
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Other ideas

@ The jacobian matrix

1T 0 0
A 0 -b
o ST o

Juf Jyf O

is sparse because Jx f and Jy f are diagonals !

@ The submatrix

1T 0 o0
A 0 -b
o ST o

does not change with iterations !
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System based on molalities

e Molality:
48+ RTIn —— ~ ¢ + RTIn —— = i° + RTIn ”M :
1Ty nH,0 nu,0Mu,0
where fi7 := pif + RT'In My o.
o New system:
A [1] —wb =0,
X

where w = l/nHQO
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