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Software and applications
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Software and applications

ArXim issues:
▶ robustness
▶ precision
▶ slowness: up to 90% of CooresFlow’s computational time !
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Chemical speciation example

Water dissociation:

1 reaction R = {H2O = H+ +OH−}
2 elements E = {H, O}
3 species S = {H+, OH−, H2O}

Formula and stoichiometric matrices:

A =

[H+ OH− H2O
1 1 2 H
0 1 1 O

]
S =

 1 H+

1 OH−

−1 H2O

 AS = 0

Unknowns and constraints:

n = [nH+ , nOH− , nH
2
O]

T b = [bH, bO]
T

Elements conservation:
An = b
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Thermodynamics

Gibbs free energy:
G(n) :=

∑
i∈S

niµi(n)

Chemical potential:

µi(n) := µ◦
i +RT lnxi(n)

Mole fraction:
xi(n) :=

ni∑|S|
j=1 nj
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Chemical equilibrium problem

Gibbs energy minimization:

min
An=b,n≥0

G(n) ⇔ min
An=b

G(n)

Euler-Lagrange equations:

An = b

µ(n) +ATλ = 0
⇔

An = b

STµ(n) = 0

since STAT = 0.

Dimension: |S|

Theorem . There exists a unique solution. [Shapiro & Shapley 1965]

How to efficiently compute the solution ?
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System transformation

New unknown:
ω =

1∑|S|
i=1 ni

Transformation:
x = ωn

Reformulated system:

1Tx− 1 = 0

Ax− ωb = 0

ST [µ◦/(RT) + lnx] = 0

Dimension: |S|+ 1
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Classical resolution by Newton

Residual:

F(x, ω) =

 1Tx− 1
Ax− ωb

ST [µ◦/(RT) + lnx]



Jacobian:

J(x, ω) =

 1T 0
A −b

STdiag
{

1
x

}
0


Issues:

▶ 1/xi blows up when xi → 0.
▶ Does not preserve the positivity of x.
▶ Orders of magnitude of x.
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The log trick

Modified residual:

y = lnx ⇒ F(y, ω) =

 1T expy − 1
Aexpy − ωb

ST [µ◦/(RT) + y]



Jacobian:

J(y, ω) =

1Tdiag {expy} 0
Adiag {expy} −b

ST 0


Issue: exp yi blows up when yi → ∞.
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Basic idea

Parametrization of the graph:

Y(τ ) = lnX(τ )

Residual:

F(τ , ω) =

 1TX(τ )− 1
AX(τ )− ωb

ST [µ◦/(RT) +Y(τ )]


Jacobian:

J(τ , ω) =

1Tdiag {X′(τ )} 0
Adiag {X′(τ )} −b
STdiag {Y′(τ )} 0


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Choice of parametrization

Properties:

▶ Y (τ) = ln(X(τ))

▶ X ′ and Y ′ are strictly monotonic bounded Lipschitz continuous

▶ X ′(τ) and Y ′(τ) do not vanish for the same value of τ

Normalization condition:

max(|X ′(τ)|, |Y ′(τ)|) = 1
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The switch function [Brenner & Cancès 2017, Bassetto & al. 2021]

10

τ = 0

τ → +∞

τ → −∞

y = lnx

X(τ) = τ + 1

Y (τ) = ln(τ + 1)

X(τ) = exp(τ)

Y (τ) = τ

x

y
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Basic idea

Variable doubling and new function:

f(x,y) = 0 ⇔ y = lnx

Residual:

F(x,y, ω) =


1T · x− 1
Ax− ωb

ST [µ◦/(RT) + y]
f(x,y)


Jacobian:

J(x,y, ω) =


1T 0 0
A 0 −b
0 ST 0

Jxf Jyf 0


Dimension: 2|S|+ 1
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Choice of Cartesian representation

The discrepancy function f :

f(x, y) = V (y)− U(x), with U = V ◦ ln

Properties:

▶ U(x) = V (y) ⇔ y = ln(x)

▶ U ′ and V ′ are strictly monotonic bounded Lipschitz continuous

▶ U ′(x) and V ′(y) do not vanish simultaneously

Normalization condition:

max(|∂xf |, |∂yf |) = 1 ⇔ max(|U ′(x)|, |V ′(y)|) = 1
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The discrepancy function f

f(x, y) = V (y)− U(x) with:

V (y) = (exp y − 1)1y<0 + y1y>0

U(x) = (x− 1)1x<1 + (lnx)1x>1

0

0
(1, 0)

y = lnx

y
=

ln
xf = ey −x

f = y − x+ 1 f = y − lnx

f = ey − lnx− 1
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Theoretical results

Proposition . The Jacobian matrices of the parametrization and
Cartesian representation are invertible at the solution point of the
associated system.

Theorem . The Newton algorithm applied to the parametrization and the
Cartesian representation techniques has a local quadratic
convergence.
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Numerical results rules

log trick vs. ArXim vs. Switch vs. Discrepancy

3 test cases

ArXim uses the log trick with a line search strategy:

x(k+1) = x(k) + α(k)δx(k)

Tolerance for the Newton algorithm: 1e−7
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Numerical results - Test cases

Seawater:
|S| = 37, |E| = 10, |R| = 27

Water-Clay (Redox constraint):

|S| = 88, |E| = 12, |R| = 75

Water-Concrete (Redox constraint):

|S| = 88, |E| = 12, |R| = 75
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Seawater test case

|S| = 37, |E| = 10, |R| = 27

Initialization (molar fraction)
H2O 1 1 1 1
Other species 1e−2 1e−4 ϵ32 ϵ64
Number of iterations
log trick 18 × × ×
ArXim 16 13 22 33
Switch 18 25 27 28
Discrepancy 23 23 23 23
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Water-Clay test case

|S| = 88, |E| = 12, |R| = 75

Initialization
H2O 1 1 1 1
Other species 1e−2 1e−4 ϵ32 ϵ64
Number of iterations
log trick × × × ×
ArXim 28 25 28 ×
Switch 31 29 × ×
Discrepancy 32 32 32 32
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Water-Concrete test case

|S| = 88, |E| = 12, |R| = 75

Initialization (molar fraction)
H2O 1 1 1 1
Other species 1e−2 1e−4 ϵ32 ϵ64
Number of iterations
log trick × × × ×
ArXim 65 47 34 ×
Switch × × 59 ×
Discrepancy 52 52 52 52
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Conclusion

From the different test cases and initializations:

Discrepancy > Arxim > Switch > log trick

The discrepancy function:

▶ is more robust

▶ does not require ad-hoc strategies, unlike ArXim
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Chemical equilibrium: the multiphase case

NSp species in NPh phases:

σ : i ∈ {1, . . . , NSp} 7→ α ∈ {1, . . . , NPh}

Gibbs free energy:

G(n) :=

N
Ph∑

α=1

Gα(n
α) where Gα(n

α) =
∑

i∈σ−1(α)

niµi(n
α)

Chemical potential:

µi(n
α) := µ◦

i +RT lnxi(n
α)

Mole fraction:
xi(n

α) :=
ni∑

j∈σ−1(α)

nj
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Chemical equilibrium problem

Gibbs energy minimization:

min
An=b,n≥0

G(n) ⇔ min
An=b

N
Ph∑

α=1

Gα(n
α)

where Gα(n
α) :=

{
Gα(n

α) ifnα ≥ 0
+∞ otherwise

Euler-Lagrange equations:

An− b = 0,

µ+ATΛ = 0,

µ = (µα)α=1,...,N
Ph

µα ∈ ∂Gα(n
α)

⇔

An− b = 0,

STµ = 0,

µ = (µα)α=1,...,N
Ph

µα ∈ ∂Gα(n
α)

where

µα ∈ ∂Gα(n
α) ⇔ Gα(m

α) ≥ Gα(n
α) + ⟨µα, mα − nα⟩, ∀mα ∈ R#σ−1(α)
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Chemical equilibrium problem

Proposition: let nα ≥ 0, then µα ∈ ∂Gα(n
α) if and only if there exists

nα, ξ
α = (ξi)i∈σ−1(α) such that:

nα ≥ 0, ξα > 0,
∑

i∈σ−1(α)

ξi ≤ 1, nα

1−
∑

i∈σ−1(α)

ξi

 = 0

and for all i ∈ σ−1(α),

µi = µ0
i +RT ln ξi, ni = nαξi.

ξi are the extended mole fractions
if nα > 0, then nα =

∑
i∈σ−1(α) ni and ξi = xi
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Sketch of the proof

Gα is a continuous convex function, then:

µα ∈ ∂Gα(n
α) ⇔ nα ∈ ∂G⋆α(µα),

where G⋆α is the Legendre transform of Gα:

G⋆α(µα) = sup
nα∈R#σ−1(α)

∑
i∈σ−1(α)

niµi − Gα(n
α)

= sup
nα∈R#σ−1(α)

∑
i∈σ−1(α)

niµi − ni(µ
◦
i +RT lnxi)

Using ni = xinα, we find:

G⋆α(µα) = − inf
n
α
≥0

nα min
xα∈X

α

gα(x
α)

with
gα(x

α) =
∑

i∈σ−1(α)

xi[µ
◦
i +RT lnxi − µi]

Xα = {xα > 0 |
∑

i∈σ−1(α) xi = 1}
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Sketch of the proof

Minimization problem:

min
xα∈X

α

gα(x
α) ⇔ min∑

i
x
i
−1=0

∑
i∈σ−1(α)

xi[µ
◦
i +RT lnxi − µi].

Euler-Lagrange equations:

µ◦
i +RT lnxi − µi +RT − λ = 0, i ∈ σ−1(α),∑

i∈σ−1(α)

xi − 1 = 0.

Therefore
min

xα∈X
α

gα(x
α) = λ−RT

Let
ξ(µi) := exp

(
µi − µ◦

i

RT

)
then

ξ(µi) = xi exp

(
RT − λ

RT

)
and

∑
i∈σ−1(α)

ξ(µi) = exp

(
RT − λ

RT

)
Maxime Jonval Journées Transport Réactif 26 / 37
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Sketch of the proof

Let
ξ(µi) := exp

(
µi − µ◦

i

RT

)
.

then ∑
i∈σ−1(α)

ξ(µi) = exp

(
RT − λ

RT

)
Therefore

min
xα∈X

α

gα(x
α) = λ−RT = −RT ln

∑
i∈σ−1(α)

ξ(µi)

Back to the Legendre transform:

G⋆α(µα) = − inf
n
α
≥0

nα min
xα∈X

α

gα(x
α)

= sup
n
α
≥0

nαRT ln
∑

i∈σ−1(α)

ξ(µi) =

{
0 if

∑
i ξ(µi) ≤ 1

+∞ otherwise
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Sketch of the proof

Back to the Legendre transform:

G⋆α(µα) =

{
0 if

∑
i ξ(µi) ≤ 1

+∞ otherwise

From the definition of the subdifferential:

nα ∈ ∂G⋆α(µα) ⇔ G⋆α(ηα)︸ ︷︷ ︸
=0

≥ G⋆α(µα)︸ ︷︷ ︸
=0

+⟨nα, ηα − µα⟩, ∀ηα ∈ R#σ−1(α)

The subdifferential of G⋆α is:

∂G⋆α(µα) =

{
0 if

∑
i∈σ−1(α) ξ(µi) < 1

γ(ξ(µi))i∈σ−1(α), γ ≥ 0 if
∑

i∈σ−1(α) ξ(µi) = 1

Therefore

nα ∈ ∂G⋆α(µα) ⇔
{

ni = γξ(µi), γ ≥ 0, ∀i∑
i∈σ−1(α) ξ(µi) ≤ 1

⇔


ni = nαξi
µi = µ◦

i +RT ln ξi∑
i∈σ−1(α) ξi ≤ 1

nα(1−
∑

i ξi) = 0
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i∈σ−1(α) ξ(µi) < 1

γ(ξ(µi))i∈σ−1(α), γ ≥ 0 if
∑

i∈σ−1(α) ξ(µi) = 1

Therefore

nα ∈ ∂G⋆α(µα) ⇔
{

ni = γξ(µi), γ ≥ 0, ∀i∑
i∈σ−1(α) ξ(µi) ≤ 1

⇔


ni = nαξi
µi = µ◦

i +RT ln ξi∑
i∈σ−1(α) ξi ≤ 1

nα(1−
∑

i ξi) = 0
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Chemical equilibrium problem

Equations to solve:

An− b = 0,

STµ = 0,

µ = (µα)α=1,...,N
Ph

µα ∈ ∂Gα(n
α)

⇔

N
Ph∑

α=1

nαA
αξα − b = 0,

ST [µ◦/(RT ) + ln ξ] = 0,

nα(1−
∑

i ξi) = 0, (∀α),
nα ≥ 0, 1−

∑
i ξi ≥ 0, (∀α),

Transformation of the system:

rα = 1−
∑

i ξi ⇒

N
Ph∑

α=1

nαA
αξα − b = 0,

ST [µ◦/(RT ) + ln ξ] = 0,∑
i ξi + rα − 1 = 0, (∀α),

nαrα = 0, (∀α),
nα ≥ 0, rα ≥ 0, (∀α),
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Chemical equilibrium problem

Equations to solve:

An− b = 0,

STµ = 0,

µ = (µα)α=1,...,N
Ph

µα ∈ ∂Gα(n
α)

⇔

N
Ph∑

α=1

nαA
αξα − b = 0,

ST [µ◦/(RT ) + ln ξ] = 0,∑
i ξi + rα − 1 = 0, (∀α),

nαrα= 0, (∀α),
nα ≥ 0, rα≥ 0, (∀α),

Two difficulties:
▶ The nonlinear terms:

ln ξi → Parametrization and Cartesian representation

▶ The complementarity problem:

nαrα= 0,

nα ≥ 0, rα≥ 0
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Param./Cart. Repr. and min function

Residual for Param:

F(τ ,n, r) =


∑

α nαA
αX(τα)− b

ST [µ◦/(RT ) +Y(τ )]
1TX(τα) + rα − 1 (∀α)

min(nα, rα) (∀α)


Residual for C.R.:

F(x,y,n, r) =


∑

α nαA
αx− b

ST [µ◦/(RT ) + y]
1Tx+ rα − 1 (∀α)
min(nα, rα) (∀α)
f(x, y)



The complementarity is ensured:

min(nα, rα) = 0 ⇔ nαrα = 0 and nα ≥ 0, rα ≥ 0
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Parametrization and NPIPM [Vu, Ben Gharbia, Haddou & Tran 2021]

New unknown ν

Residual:

F(τ ,n, r, ν) =


∑

α nαA
αX(τα)− b

ST [µ◦/(RT ) +Y(τ )]
1TX(τα) + rα − 1

nαrα − ν
1

2N
Ph

(⟨nα, rα⟩+)2 + 1
2∥n

−
α ∥2 + 1

2∥r
−
α ∥2 + 0.01ν + ν2


Update the iterates:

τ k+1 = τ k +∆τ k

nk+1 = nk + βk
n∆nk

rk+1 = rk + βk
r∆rk

νk+1= νk +∆νk

such that nk+1, rk+1 ≥ 0
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Cartesian representation and NPIPM

Residual:

F(x,y,n, r, ν) =



∑
α nαA

αx− b
ST [µ◦/(RT ) + y]
1Tx+ rα − 1
nαrα − ν

1
2N

Ph

(⟨nα, rα⟩+)2 + 1
2∥n

−
α ∥2 + 1

2∥r
−
α ∥2 + 0.01ν + ν2

f(x,y)


Update the iterates:

xk+1 = xk +∆xk

yk+1 = yk +∆yk

nk+1 = nk + βk
n∆nk

rk+1 = rk + βk
r∆rk

νk+1= νk +∆νk

such that nk+1, rk+1 ≥ 0
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Numerical results rules

Reaktoro vs. Param. + min vs. Param. + NPIPM vs. C.R. + min vs.
C.R. + NPIPM

5 test cases

Tolerance for the Newton algorithm: 1e−7
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Tests cases

TC1:
|S| = 5(4a, 1m), |E| = 3, |R| = 2

TC2:
|S| = 10(7a, 1m, 2g), |E| = 4, |R| = 6

TC3:
|S| = 11(8a, 2m, 1g), |E| = 4, |R| = 7

TC4:
|S| = 15(11a, 2m, 2g), |E| = 5, |R| = 10

TC5:
|S| = 72(50a, 20m, 2g), |E| = 13, |R| = 59
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Results

TC 1 TC 2 TC 3 TC4 TC5
Reaktoro 35 36 46 50 140

Param + min 4 8 × × ×
Param + NPIPM 7 9 17 26 33

Cart + min 4 8 × × ×
Cart + NPIPM 7 9 81 × ×

Table: Number of iterations of Newton’s method
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Conclusion

From the different test cases:

Param + NPIPM > Reaktoro > others

The Param + NPIPM:

▶ is more robust

▶ converges in a few iterations
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A first system reduction

Conservation equations:

Ax− ωb = 0 ⇔ [APr,ASd]

[
xPr

xSd

]
− ωb = 0

⇔ X (xSd, ω) := xPr = A−1
Pr(ωb−ASdxSd)

Equilibrium equations:

ST

(
µ◦

RT
+ y

)
= 0 ⇔

[
(A−1

PrASd)
T ,−ISd

]( µ◦

RT
+

[
yPr

ySd

])
= 0

⇔ Y(yPr) := ySd = ST µ◦

RT
+ (A−1

PrASd)
TyPr

Maxime Jonval Journées Transport Réactif 37 / 37



A first system reduction

Reduced system:

1T ·
[
X (xSd, ω)

xSd

]
− 1 = 0

f

([
X (xSd, ω)

xSd

]
,

[
yPr

Y(yPr)

])
= 0

Dimension:
|S|+ 1 equations and |S|+ 1 unknowns
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A second system reduction

System: 
1T 0 0
A 0 −b
0 ST 0

Jxf Jyf 0


δxδy
δω

 =


−(1Tx− 1)
−(Ax− ωb)

−ST (µ◦/(RT) + y)
−f(x,y)


We multiply Jxfδx+ Jyfδy = −f(x,y) by (Jxf)

−1(Jyf)
−1 :

(Jyf)
−1δx+ (Jxf)

−1δy = −(Jxf)
−1(Jyf)

−1f(x,y)

We define:

δθ = −(Jyf)
−1δx− r(Jxf)

−1(Jyf)
−1f

= (Jxf)
−1δy + (1− r)(Jxf)

−1(Jyf)
−1f
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A second system reduction

Then:

δx = −Jyfδθ − r(Jxf)
−1f

δy = Jxfδθ − (1− r)(Jyf)
−1f

Reduced system:−1TJyf 0
−AJyf −b
STJxf 0

[
δθ
δω

]
=

 r1T (Jxf)
−1f − (1Tx− 1)

rA(Jxf)
−1f − (Ax− ωb)

(1− r)ST (Jyf)
−1f − ST (µ◦/(RT) + y)


Dimension:

|S|+ 1 equations and |S|+ 1 unknowns
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Other ideas

The jacobian matrix 
1T 0 0
A 0 −b
0 ST 0

Jxf Jyf 0


is sparse because Jxf and Jyf are diagonals !

The submatrix 1T 0 0
A 0 −b
0 ST 0


does not change with iterations !
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System based on molalities

Molality:

µ◦
i +RT ln

ni∑N
j=1 nj

≈ µ◦
i +RT ln

ni

nH
2
O

= µ̃◦
i +RT ln

ni

nH
2
OMH

2
O
,

where µ̃◦
i := µ◦

i +RT lnMH
2
O.

New system:

A

[
1
x

]
− ωb = 0,

ST

[
µ◦
H

2
O/(RT) + 0

µ◦/(RT) + y(x)− ln(MH
2
O)

]
= 0.

where ω = 1/nH
2
O
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