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Introduction

Toy model problem:

The Dirichlet boundary value problem :
V- (—kVu)=f inQ, u=0 ondQ, (1)

where Kk : Q — R9*9 (diffusivity) and f : Q@ — R (source term).

Different numerical strategies for solving (1) : FE, FV, DG, MFE...
» Strong (cat. I) vs. Weak (cat. Il) enforcement of Dirichlet BC,

» Practical interest of cat. Il: Interface problems, Domain Decomposition methods,



Introduction

» Hot topic with vast literature : pioneering works can be traced back in 70's
o [Nitsche, 1971] Weakly imposed via boundary penalty,
o [Babuska, 1972] Weakly imposed via Lagrange Multipliers (BB condition),

e [Barbosa & Hughes, 1991] Circumvent BB condition by adding stabilization terms,

o [Stenberg, 1995] Closed connections between Barbosa et al. and Nitsche forms.



Motivation

@ Re-interpretation of Babuska's strategy :

M s (g-n) on FP vs. AV — Tr(u) on Fp

Partial-hybridization Full-hybridization
@ Derivation of a stable Lagrange Multipliers formulation,

@ Reduce computational costs by eliminating multipliers (explicitly):

o (Strat. 1) by static condensation or equiv.

o (Strat. Il) by algebraic transformation

IPN method: a combination of interior/boundary penalty mechanisms




Outline

@ Fully-Hybridizable Nitsche Galerkin method

o Intuitive derivation
o Discrete formulation
o Stability & convergence analysis
@ Free-multipliers version: IP Nitsche method

e Static condensation vs Algebraic elimination
e Equivalency

o Stability & Convergence analysis

@ Numerical experiments (G. Etangsale)

@ Conclusion & Perspectives



|. Fully-Hybridizable Nitsche Galerkin method

» Mesh notation :

e T, the set of simplices covering Q

o F, the set of interior interfaces

° ]-",‘?, the set of boundary interfaces

o 0Th = {UOE,VE € Tp},

» The discrete approximation of u :

o Interior variable : up € Vi C HY(Q) s.t. up|e € Px(E), for all E € Ty,
o Skeleton variable : 0, € VO C L2(Fp) s.t. dy|r € Pi(F), for all F € F.

» Composite variable : up := (up, dp) and Vj := V), x \7,?



|.a Intuitive derivation

Let vy := (v, V) € Vi, u, the exact solution and o := —kVu, its corresponding flux.
o Integrating by part and summing over all mesh element:
(V - o, Vh)7-h = — (0’7 VVh)Th + <5’ -n, Vh>87'h = (f, Vh)Th
@ Using the continuity requirement :
(6-n,0n)or, =0
o Combining these equations :
- (0'7 VVh)’Th + <&7 "IVh]]]>3777 = (fv Vh)Th ) (2)

where [[va]] := (vh — Un)n.



|.a How to build a discrete version

A discrete analog of (2):

— (on(un), Vva)g, 4 (Gn(un), Ivelor, = (f, va)7, ,

Question: How to choose oy(up) and &p(up) ?

e Via a consistency argument, i.e., op(u) = &4(u) = o, then

where 7 : L2(0T,) — Rt is a penalty function. For all E € T, and F € OE,

T

E,F ‘= WotEF,

where g > 0, a given parameter and tg r := kg £/hg, transmissibility.

on(up) == —kVu, inT, and &x(up):=op(up) + 7([lusll) on 97,

(4)




|.b Discrete weak problem

Flux formulation:
Find uy, € V4, such that

agf)(uh, Vh) = (f, Vh)777 Vvh € Vh
where ¢ € {0, 41} and the bilinear form agf) is given by
2\ (un, va) = — (an(un), Vvi)7. + (@n(un), [val)or, + c(on(vi), Tuslor,

Consistency+Penalty Symmetry

(5)

Variants of FHN methods
Incomplete (e = 0), Symmetric (¢ = +1), and Nonsymmetric (e = —1).




|.c Stability and convergence analysis

Let us introduce mesh-dependent norm (Stability norm):
2. 1 2 2 2 . 1 2
lunlly := lle2Vupl7, + uply - where upls , = [[t2 [unllli5, (6)
o Coercivity: For all v, € V), then aEf)(vh, vh) 2 H\vh”]f7 assuming wp > @y,
@ Boundedness: For all v, € Vi, and w € V & V|, then
(e) <
ap (w,va) S [wllnllvalls
1 . .
where ’HW‘H%* = ||w]|? + > ket hellk2Vw - n||3¢ (Continuity norm)

Optimal error estimate in stability-norm
k
llu — usllf < O(H¥) (7)J




II.Interior Penalty Nitsche method

Some issues of FHN methods:

Let U, and Up, be the set of dofs of uj, and 0. The algebraic linear system :

35,6)(11;” (v, 0)) : AuUp+ AU, =F,
35,6)(Uh7 (0,%)) : Ap,Up+ ApaUp =0.

The global size of (8) : dim V', = dim V}, + dim \7,? observing that
dim V), << dim V? since Vj, € HY(Tp) N C%(Q) and VP c L3(Fp)

A cost-effective strategy : an explicit elimination of Uy, (Strat. 1) or 4, (Strat. 11)




Il.a Explicit elimination of Uj,

Strategy 1: Shur complement strat.
o The key observation : A inherits a block-diagonal structure (V0 c L2(Fp)),

o All computations, such as matrix inversion, can be performed edgewise,

Thus, we infer the reduced linear system:
[Auu - AuﬁAE[}Aﬁu]Uh =F.

The matrix on the left-hand side of (9) is called the Schur complement of A ;.

(9)

@ Schur complement = Additional computational complexity,

o Construction of interaction matrices and its inverse : A, AE[} and Ay,




Il.a Explicit elimination of i

(¢)

ay, (un,vp) == = (on(un), Vva)g, 4 (Gn(un), Ivel oz, + ¢lon(va), Mual)or,

Consistency-+Penalty Symmetry

Strategy 2: Ghost-hybridization

@ Eliminate 4y, from skeletal contributions :

(Gn(un),Ivall)or, and (on(va), [uall)or,

@ To do that, we use the conservativity requirement i.e., (6 - n, Vp)s7, =0 :

~

oy — up + ollon(un)l and &y — {on(un)}® on Fj,
0 on(up) +Tupn on  F?,

where o|r := 1/(7g, F + 7TE,,F) and w|F := (0|FTE,,F, 0|FTE, F)-

(10a)




I1.b Variational form of IPN method

Theorem "Equivalency of FHN and IPN"
Let up := (up, dp) € V), be the solution of (5). Then, u, € V) also satisfies

Find up € V), such that,
{r,(f)(u,,, vi) = (F,vh)7er  Yvh € Vi, (1)
where ap : V, x V}, — R is given as follows,
r,SE)(uh, vp) := — (on(un), Vva) 7. + €sn(un, vn) + nn(un, vi).- (12)
Here, s, and 77576) are the interior penalty and Nitsche's boundary penalty mechanisms,
sn(un, vn) := — (ellon(un)ll, [on(va)l) 7
(e)

My (Uns vh) =(oh(un) - 0, vi) 7o + €(ah(vh) - 1, un) zp + (Tup, Vh) 2




Proof of Theorem (straightforward)
o Considering that [64(us)]|F =0on F € Fi and V4| =0 on F € F?,

(Gn(un), Tvall)or, = (Gn(un) - n, vi) 7o
@ Using the definition of iy, the symmetry term can be rewritten as follows;

(an(va), Murlom, = (on(va) - n, un) zo — (ellon(un)l, [oa(va)l) 7 -




Il.c Stability and convergence analysis of IPN

Let us introduce mesh-dependent norm (Stability norm):

1 1
lunll = ll2 Vunll7, + [unls - where |upl3 = [|£2 un] 7
o Coercivity: For all v, € Vj, then r,(f)(vh, Vh) 2 thH% assuming wo > @y,

@ Boundedness: For all v, € V, and w € V @ V), then

i (w. vb) < (Wl vl
where HWH%* = ||lwl|2 + > EeT, hE”H%VW - n||3¢ (Continuity norm)

Error estimate in L2-norm (via Aubin-Nitsche lift)
lu— upllz < O(K* 4 e — 1] Hk+2),

Convergence is optimal iff e = 1 and sub-optimal (half-order only) else

(14)

(15)




Numerical experiments

Q4 Q3
K4 K3
K1 K2

Ql QZ

Q=Q U U UQ, = [0,1]2,
Heterogeneous/Anisotropic diffusion tensor k :
10
sasler) =g o for(ey) € o,
e 0
Koa(x,y) = [O J for (x,y) € Q4.

with ¢ € {1, 102 and 10°}.

Exact solution in Q : u(x, y) = sin(mx)sin(my)



Convergence analysis
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Figure: History of convergence in the L?- and H'-norm estimate versus the mesh-size h = 1/N.



Test 1: Influence of the interior penalty
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Estimated convergence rates of the Non-symetric IP Nitsche variant (e = 1,102, 10°)



Conclusion

Novel class of IP Nitsche method for elliptic problems :

» Well-posedness
» Numerical traces on skeleton
» Optimal (estimated) convergence rates

» Extension to linear elasticity and stokes problem.
To explore :
» uj = Post-processing of (up, p):
| u—uf ||L,< O(h*?) (superconvergence)

*

» o} = H(div)-conform reconstruction of (o4, &):

l o — oy llaws O(HY)



